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Abstract 

Let X be a compact Kahler manifold with fundamental group m(X). After introducing the notion 
of higher Albanese genera gt, the work establishes lower bounds on the number of the relations of 7Ti(X) 
in terms of the number of the generators, the irregularity, the Albanese dimension, g k and etc. The 
argument relates the cup product maps in the cohomologies of X and ni(X). It derives some lower 
bounds on the ranks of these cup products and applies Hopf's Theorem, describing ^2(71" 1 (X), Z). The 
same techniques provide lower bounds on the Betti numbers of X and tti(X) within the range of the 
Albanese dimension. 

1 Statement of the results 

The abstract groups G which are isomorphic to the fundamental group tti(X) of a compact Kahler 
manifold X are briefly referred to as Kahler groups. These are always finitely presented. 

The compact complex torus Alb(X) — H 1 ' (X)* / H\(X f ree is called an Albanese variety of the com- 
pact Kahler manifold X. The Albanese map albx '■ X — > Alb(X), albx{x)(uj) := J^ Q UJ for u> <E H 1,0 (X) is 
defined up to a translation, depending on the choice of a base point xq 6 X. The Albanese dimension of X 
is a = a(X) := dime albx (X). 

The compact Kahler manifold Y is said to be Albanese general if h 1,0 (Y) > dime Y = a(Y). A surjective 
holomorphic map f k : X — > Y k of a compact Kahler manifold X onto an Albanese general manifold Y k 
of dime Yk = k is called an Albanese general fc-fibration. It induces a complex linear embedding f k : 
H^iYk) -► H lfi {X) of the holomorphic (l,0)-forms, so that h lfi {Y k ) is bounded above by h l <°{X). The 
maximal h}'°(Yk) for Albanese general /c-fibrations f k : X — > Y k is called fc-th Albanese genus of X and 
denoted by g k = g k {X). 

The aim of the present note is to establish the following estimates: 

Proposition 1 Let X be a compact Kahler manifold whose fundamental group admits a finite presentation 
7Ti(X) = F/R where F := (xx, . . . , x s ) is a free group on s generators, R := (yi, . . . , y r ) is the subgroup of 
F, generated by the relations y\,...,y r £ F and R is the normal subgroup of F, generated by R a . Suppose 
that the subgroup K :— (R D n [F, R])/[R a , R ] of the abelianization abR Q :— R /[R , R a ] ~ 717 is of rkK = k, 
h ' := dimc-ff ' (X) is the irregularity of X, a is the Albanese dimension and g k , 1 < k < n are the 
Albanese genera of X. Then 

(i) r>s + k for h 1 ' = 0, a = 0; 

(ii) r>s + k- 2h lfi + 1 for h 1 ' > 1, a = 1; 

(Hi) r > s + k - 2k 1 ' + max(a(a - l),g k (gk - 1) | 2 < k < a) + 
max(2fci±l,2a- l,g k - 1 I 2 < k < a) for h lfi > g x > 2, a > 2; 
(iv) r > s + k- 2h lfi + max(4ft, 1 ' - 6, a{a - l),g k {g k - 1) | 2 < k < a) + 
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max (^h 1 ' - 1, 2^11, g k -l | 2 < k < a) for h 1 ' > 2, a > 2, 5i = 0. 



A Kahler group tti(X) admits various finite presentations and there is no general algorithm for deciding 
whether two presentations determine isomorphic groups. The aforementioned Proposition |l| is not expected 
to perform Kahler tests on abstract finitely presented groups. It rather studies the influence of some cohomo- 
logical properties of compact Kahler manifolds X on their fundamental groups tt\{X). Part of the techniques 
from the proof of Proposition |l| provide also the following 

Proposition 2 Let X be a compact Kahler manifold with positive irregularity h ' , Albanese dimension 
1 < a < n = dime AT an d Albanese genera g^, 1 < k < n. Then the Betti numbers b m {jTi{X)) := 
dime H m {iTi(X), C) and b m (X) := dime H m (X, C) are bounded below as follows : 

i—l i 

b 2i (ni(X)) > 2 //•'-' 1 • //". & 2l+ iMX)) > 2^ //•'-' ' ; ' for 3 < 2 1 ,2i + l < a, 

3=0 3=0 
i—l i 

b2 t {X) >2J2 1' 1 -' ' + //'\ b 2l+1 (X) > 2 M J ' 2i+1_J for 3<2i,2i + l<a, 

3=0 3=0 
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b 2i {X) > 2j2v n ~ 2l+3 ' n ~ 3 + V n ~" l ~\ b 2l+1 (X) > 2J2 ^ l - 2l - 1+ 3< n -3 for 2n - a < 2i, 2i + 1 < 2n - 3, 

3=0 3=0 

where 

/'": ),( 9k J l )^l...8l +j _ i [^+ 3 ){h^- l - ] ) + l] | g k >0,i + j<k<a 

for i < j and Sg g standing for Kronecker's delta. 

The next section specifies the cases in which the bounds from Proposition [l] are stronger than the 
already known results. Section 3 collects some properties of Albanese dimension and Albanese genera, 
necessary for deriving lower bounds on the ranks of cup products in H*(X, C). Section 4 relates cup prod- 
ucts in group cohomologies H*(tti(X), C) with the corresponding cup products in de Rham cohomologies 
H*(X, C). Section 5 justifies that /i 1 '" 1-1 from Proposition |2| are lower bounds on the ranks of the cup prod- 
ucts C x m ~ l : ^H^iX) ®c A m ~ i H 0,1 (X) -> H m (X,C)- The last section 6 recalls Hopf's Theorem on the 
second homologies of a group and concludes the proofs of Propositions |l| and ^. 

Acknowledgements: The author is extremely grateful to Tony Pantev for bringing to her attention the 
article |lj of Amoros and for the useful advices, comments and conversations. She apologizes for declaring 
in the previously circulated version a wrong counterexample to a theorem of Remmert and Van de Ven ,and 
announcing, in this way, a nonexisting error in Amoros' work M. The author thanks Prof. Amoros for 
pointing out the aforementioned mistake and explaining her that both Remmert and Van de Ven's Theorem 
and Amoros' results (l) are completely accurate. 



2 Comparison with previous related works 



Prior to Proposition [l] are known the following estimates among the number of the generators and relations 
of a Kahler group. 

Theorem 3 (Green and Lazarsfeld 0) Let X be a compact Kahler manifold whose fundamental group 
7Ti (X) admits a presentation with s generators and r relations. 

(i) If the Albanese genus g\ = then r > s — 3. 

(ii) If the Albanese dimension a > 2 then r > s — 1. 
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For s — r > 2, Green and Lazarsfeld show that the entire character variety tti(X) = Hom(ivi(X),C*) ~ 
iJ^pr.C) of tti(X) is contained in the special locus S 1 (X) := {L € Pic°(X)\H 1 (X, L) ^ 0} of the topo- 
logically trivial line bundles on X, parametrized by Pic°(X) C H l {X : 0* x ). Then there is a surjective 
holomorphic map X — * C onto a curve C of genus > ^f- and the Albanese image of X is a curve. That 
violates the assumption of the second part. The first part is contradicted by s — r > 4, as far as g\ — 
signifies the nonexistence of surjective holomorphic maps X — > C onto curves C of genus > 2. 

Theorem 4 (Amoros W) Lei X be a compact Kahler manifold with g\ = 0, whose fundamental group tt\{X) 
admits a presentation with s generators and r relations. Then 

(i) r>s for h 1 ^ = 0; 

(ii) r > s - 1 for h 1 ' = 2; 

(Hi) r>s + Ah 1 ' - 7 for h lfl > 2. 

Let : A 2 H 1 (X, C) — ► H 2 (X, C) be the cup product in de Rham cohomologies. Making use of Sullivan's 
1-minimal models, Amoros identifies Ker( x with (wi(X)2/tti(X)3)<S>M. where tti(X)i := wi(X), 7Ti(X),+i := 
[TTi(X)i, tti(X)] are the components of the lower central series of the fundamental group tti(X). 

For an arbitrary group G, let Jg '■= {J2 g r g9\ r g e J2 g r g = 0} be the augmentation ideal of the group 
ring R[G]. It is well known (cf.fOJ) that Hi(G,Z) ~ G/[G,G] ~ J g /Jg- Amoros shows in § that the 
K-linear map Ai : ©^ =1 Mj/j — » Jp/Jp, Ai(yj) = Uj — ^ + Jf nas CokerAi — J-k x {X) / J^^xy ^ n particular, 
diniRiferAi = r — s + 2/i 1,0 . Further, the induced map A2 : KerA\ — > A 2 M J ri(x)/«^ 1 (x)) ^ s P rove d 
to have CokerA 2 ~ (7ri(A) 2 /7Ti(A) 3 ) R. Consequently, dim R iferCx = dim R (7ri(A) 2 /7ri(A) 3 ) <g> K = 

1 J - dim R KerAj + dim R iferA 2 > I 2 j - r + s - 2k 1 ' or rfcC| <r- s + 2a 1 ' . 

On the other hand, Amoros makes use of the following lower bounds on the ranks of the cup products: 

Lemma 5 If X is a compact Kahler manifold with gi = then 

(i) rk[( 2 / : A 2 H^°(X) -» H 2 (X,C)} >2h 1 >° - 3; 

(ii) rkK 1 / : ffbO(x) ® c F 0,1 (X) -» iJ 2 (A, C)] > 2h lfl - I. 

The estimate (i) is derived from the transversality of the cone C 2,0 := {u>i A u)2\u>i, u>2 € iJ 1,0 (A)} to the 
kernel of Cx°, i- e -> C 2 '° H KerCxL = {0} (cf. also @.) The inequality (mJ is a consequence of a theorem of 
Remmert and Van de Ven from |9|. It asserts that a holomorphic map r : A\ x A2 — ► -B of projective algebraic 
manifolds A\,A2 in a complex space -B has rfccr > dimc^i + dimcA 2 , provided 6 2 (Ai) = 6 2 (yl 2 ) = 1, 
bi(Ai) = for some 1 < i < 2 and r does not factor through a canonical projection IF : A\ x A 2 — > A^. This 
is applied to the projectivization Pfcjf 1 ) : P(H X ' (X)) x P(iJ°^(A)) -> P(iJ 2 (A,C)) of the bilinear map 
C^ 1 with trivial kernel. 

Obviously, Theorem ^ implies Theorem Wi). One checks straightforward that the inequalities, given 
by (i), (ii) with h 1,a = 1 and (iv) from Proposition |l| are stronger than the corresponding estimates from 
Theorem || In the case of a > 2, h 1 ' > g\ > 2 with h 1 ' comparatively large with respect to a and gk, 

2 < k < a, the bound from Proposition [l] (Hi) may happen to be weaker than the one from Theorem ^ (ii). 

3 Preliminaries on Albanese dimension and Albanese genera 

Some of the bounds on the ranks of cup products, proved in section 5, require the characterization the 
Albanese dimension in terms of cup products. 

Proposition 6 (Catanese ||,[^|) The Albanese dimension a := dime albx(X) of a compact Kahler manifold 
X is the greatest integer with Im[C x a : A a H lfi (X) ® c A a H 0,1 (X) -> H 2a (X,C)} ^ or, equivalently, the 
greatest integer with Im[(%° : A a H lfi (X) -> H a (X.C)} ^ 0. 
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The following trivial observations were probably a starting point for Catanese's Theorem g: 

Lemma 7 (i) For an arbitrary Albanese general compact Kahler manifold Y of dime Y = k, the cup product 
Cy° ■ A k H 1 '°(Y) -> H k (Y,C) is injective and the cup product Cy +1, ° : r\ k+1 '° H 1 ' (Y) -> i7 fe+1 (y,C) is 
identically zero. 

(ii) If fk ■ X — > Yfe is an Albanese general k-fibration and Uk '■= f^.H 1 '°(Yk) then Ker[^° : f\ k Uk — > 
# fc (X,C)] = and 7m[C^ +1 '° : A fc+1 f/ fc -► iJ fc+1 (X,C)] = 0. Sucft subspaces U k C i? 1,0 (X) are ca/Zed stnei 
fc-u>ed(/es. 

Proof: («J According to Proposition^, there exist wi, . . . ,ojk G iT 1,0 (V) with £y (a;i A ... A Wfc) 7^ 0. 
Let {W^ a ^} a gA be a coordinate covering of Y. For any uj e i? 1,0 (y) there exist local meromorphic functions 
nl a) : -> CP 1 , such that = ^ti^^lifW- 0n thc overlaps n ^ 0, one has 

Si=i f/4°^ — /-4^J w -ilvv r ( Q! )nH r (' 3 ' = since cj and u>%, ■ ■ • , i^k are globally defined. The linear independence of 
u>i, . . . , u>k is inherited by their restrictions on the open subset W^dW^ of Y and implies jjf^ 1 — 
Mi lw(<*)nw(« f° r all 1 < i < fc. In other words, /ij : Y — > CP 1 are globally defined and u £ iJ 1,0 (Y) can be 
globally represented in the form u> — Yli=i Mi^i- Consequently, A fe -ff 1,0 (Y) consists of fxcoi A. . .Au>k f° r some 
global meromorphic functions /x : y — > CP 1 . The assumption (y'°(/ja;i A ... A cjfe) = is equivalent to the 
existence of a (fc— l)-form a with (mjiA. . .Acjfe = der. Then = f x d(aAdW) = J x |/i| 2 wiA. . .Aujk AZUTA. . .AoJfe 
forces the vanishing of /x almost everywhere on y. According to the complex analyticity of the zero locus of /i, 
one concludes that fi = 0, i.e., : A fe H 1 '°(y) -► H k {Y,<C) is injective. Clearly, C^'^A^ii" 1 ' ^)) = 
due to dime Y = k. 

(ii) The surjective holomorphic map fk : X — > Yfc induces an embedding /£ : 7J*(Yfc,C) — > H*(X,C), 
compatible with the cup products. More precisely, 





A/ fc *K) }=Q fk\ E ^A...A W . 



^1 




is equivalent to Cy° (E 1= =(ii,...,*0 A . . . A uJi^ — for any natural number i. Putting Z — k or fc + 1 and 
combining with (i), one obtains (ii), Q.E.D. 

Here is the generalized Castelnuovo-deFranchis Theorem: 

Theorem 8 (Catanese ||) Let X be a compact Kahler manifold. Then for any strict k-wedge Uk C H 1,a (X) 
there exists an Albanese general k-fibration fk : X — > Yfe wrf/i f£H > (Y^) = Uk, which is unique up to a 
biholomorphism ofYk- 



Corollary 9 The k-th Albanese genus gk of a compact Kahler manifold X equals the maximum dimension 
of a strict k-wedge Uk C H 1,0 (X) of dime > k. 

In order to formulate one more result of Catanese, used in section 5, let us say that Vk C H 1 '°(X) is a 
fc-wedge if (x°(A k Vk) ^ and Cx +M (A fe+1 y fc ) = 0. 

Lemma 10 (Catanese [|) If X is a compact Kahler manifold then any k-wedge Vk C H 1 '°(X) contains a 
strict l-wedge Ui C Vk for some natural number I < k. 
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4 Cup products in group and de Rham cohomologies 



Let us choose a cell decomposition of X. Then construct an Eilenberg-MacLane space Y — K(%i(X), 1) by 
glueing cells of real dimension > 3 to X, in order to annihilate the higher homotopy groups 7Tj(X), i > 2. Put 
c : X — > Y" for the resulting classifying map and denote by S(X),, S(Y), the corresponding singular chain 
complexes. The induced chain morphism : S(X), — > S(Y), is an isomorphism in degree < 2 and injective 
in degree i > 3. If 9f , c\ y are the boundary maps <9* : S(*)i -> and Z(*)* := {£ € (0 = 0} 

are the abelian subgroups of the cycles, then a : Hi(X,Z) := Z(X)i/d^ 1 S(X)i + i — > Hj(7ri(X),Z) = 
Hi(Y, Z) := Z(F)i/9^_ 1 S'(F)i+i are isomorphisms for i = 0, 1 and C2 : H2(X,Z) — > i?2 (7Ti (X) , Z) is surjec- 
tive. In general, the homomorphisms of abelian groups Cj : Hi(X,Z) — > Hi(%x{X), Z) for i > 3 do not obey 
to any specific restrictions. 

For any field F of charF — 0, acted trivially by 7Ti(X), the Universal Coefficients Theorems 

-> Fx4(i? m _i(X,Z),F) -> H m (X, F) -» Hom z {H m (X,Z),F) -> 0, 

- £x4(ff m _i(7n(X),Z),F) -» iT"MX),F) - Homz (H m (tti (X ),Z),F) -» 0, 

provide , F 1 ) ~ p rkH ™( ^ z ) ; d ue to the divisibility of the Z-module F 1 . In particular, the C-linear maps 

c J : iT(7Ti(X),C) = fT(Y,C) -> H' l (X,C) are isomorphisms for i = 0, 1 and injective for i = 2. Making 
use of the Hodge decomposition H 1 (X, C) = H 1 '°(X) iJ 0,1 (A) on the first cohomologies of a compact 
Kahler manifold X, one introduces H k < 1 (m (X)) := (c 1 )" 1 H k ' l (X) for (fc,Z) = (1,0) or (0, 1). On one hand, 
there are cup products Q[ {x) ■ A i i? 1,0 (7ri(X)) <g) C A^iT ' 1 ^^)) -> iT i+ %i(X), C) of group cohomologies, 
defined as a composition of the direct product with the dual of a diagonal approximation (cf.^j). On the 
other hand, one has cup products Cx '■ /\' l H lfi (X) <g> c A j H°< 1 (X) -> H i+j (X,C) of de Rham cohomologies. 
Their images are related by the following 

Lemma 11 Let X be a compact Kahler manifold with fundamental group ni(X), Y = K(tti(X),1) be an 
Eilenberg-MacLane space and c : X — > Y be a continuous classifying map. Then the cup products 

Ci(x) ■ A^'VlPO) ®C A^'^tti^)) -> H^{^{X),C) and 

C x 3 : A i H 1 '°(X) ® c A 3 H°^{X) -> H i+j {X,C) 
have c 1+3 IrnQ % ^ x ^ = ImC^ . In particular, fkC^/ x \ > rkC^x for all i.j e NU {0}, i+jsN. 

Proof: As far as Y = K(tti(X),1) and c : X — > Y are unique up to homotopy, there is no loss of 
generality in assuming that Y is obtained from X by glueing cells of real dimension > 3. Then c : X — > Y 
and the chain morphism c* : S(X), — » S(y). are inclusion maps and the dual cochain morphism c* : 
S , (r)* := Harm{S{Y).,C) -> S(X)' := Hom z (S(X).,C) is a surjective restriction from Y to X. 

By induction on i one checks that c l C,^{A l S{Yf ) = C] f (A 4 5(X) 1 ) for the cup products Q ■ A 4 S*(*) 1 -> 
5'(*) 1 of cochains. The case of i = 1 is straightforward from the construction of Y. Any cell cr, G S(X)i is 
homotopy equivalent to a product of segments [ai, &i] x . . .x [a<, &<]. Let us put := [oi, 6i] x . . . x [aj_i, 
<r" := [a^, fcj] and choose some ui, . . . ,Ui € S'(F) 1 . Representing the singular cochains on the manifold X by 
smooth differential forms, one has J a , c l " 1 C^7(x)( Ul A ... A Ui-\) = j a , C^ 1 (c 1 (wi) A ... A c 1 (u i _i)), by the 
inductional hypothesis. Then S(X) 1 — c 1 S(Y) 1 and Fubini's Theorem provide 



C x (c 1 (u 1 )A...Ac 1 (u l ))= C7 1 (c 1 ("i)A...Ac 1 ( M4 _ 1 )) / c 1 ^) = 
ci-1 C7(x)( u i A...AUi_i) / c 1 ^) = / c l (; i(x) (!iiA...Ati ! _iA« 1 ) 
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under the choice of a diagonal approximation A : S(Y), — > S(Y), <£) S(Y),, A([ai,&i] x . . . x [a m ,b m ]) = 

x ... x [a m , b m ]) on the singular chains of the Eilcnberg-MacLane 
space Y = K(m(X), 1). As far as the cup products ( x , Cy an d the cochain maps c l : S(Y) % — > S{X) % are 
C-lincar, there follows c^y (A i 5 , (F) 1 ) = CMA^A) 1 ) for all i e N. 

The restriction c* : S , (F)' — > S(X)' is a morphism of cochain complexes, so that commutes with the 
coboundary maps SI : S(*) 1 — > S'(*) ,+1 , i.e., fl^c' = c 4+1 <5 y . In particular, the isomorphisms c l : S{Y) % — > 
S(X) 1 for i = 1,2 induce an isomorphism of the 1-cocycles c 1 : Z(y) 1 — > Z(X) 1 , where Z(*) x := {£ e 
I ^*(0 = 0}- Representing the elements of Z(A) 1 by closed differential forms and making use of 
the complex structure J on X, one decomposes Z(A) 1 = Z(A) 1 ' © Z(A) ' 1 into a direct sum of ±\/— T- 
eigenspaces for the action of J. That allows to introduce Z(Y) k ' 1 := (c 1 )~ 1 Z(A) fc ' i for (fc,Z) = (1,0) or 
(0,1) and to represent Z(Y) 1 = ZiY) 1 ' © Z(Y) 0,1 . Leibnitz' rule for the coboundary maps S 1 ^ 3 justifies 
the existence of natural cup products Cx : ^Z(X) 1 ' ® c N> Z(A) ' 1 -> Z{Xj+K As far as A^+^c 1 )" 1 : 
A i Z(X) 1 ^ ®c A^A) * 1 -> A i Z(y) 1 ' O c A-'Z(y) ' 1 are well defined isomorphisms, compatible with S* x , 
6p, one can introduce cup products Cy : ^Z{Y) l '° <x>c ^ Z{Y) ' 1 -» Z(y) i+ ^ with c'+^Cy (A 4 Z(F) 1 ' ® c 
A J 'Z(y) ' 1 ) = Cx '(A i Z(X) 1 ' ® c A^A) * 1 ). On the other hand, the surjectiveness of the cochain morphism 
c* implies that c i+ - 7 ' -1 S(y) i+ - 7 ' -1 = S^A)^'" 1 , whereas c i+ ^ J '- 1 ,S , (y) <+ '- 1 = <5^~ V+J-^y)^- 1 = 

Consequently, 

>+'Jm& J - c^cy(A^(y) 1 ^0 C A^(y)^ 1 ) _ 



c*+j'c^ (A i z(y) 1 ^ ® c AJZ(y) ^ 1 ) n &+i&+ 3 's{yy+i- x 

Cx 3 (A^(A)bO 0c A i Z ( X )0,i) 



(A i Z(A) 1 '0 0C AJZ(X) ' 1 ) n ^'-^(A)^- 

5 Estimates on cup products 



ImC x J , QE.D. 



The present section provides lower bounds on the rank of cup products of 1-forms on A. Clearly, rkC, x = 
rkCx 1 = h 1 ' , as far as Cx = ^J?M(x) for = (1,0) or (0, 1). 

Lemma 12 Let X be a compact Kahler manifold with Albanese dimension a. Then the cup products 

Cg : t?H x >\X) ® c tfH ' 1 ^) -» H i+j (X,C) 

factor through the cup products ( x q for all < p < i, < q < j. In particular, Cx = for i > a or j > a 
and the Albanese genera gt = for all k > a. 

Proof: Let us identify the cohomology classes on A with their de Rham representatives. Denote by 
A r ' s the space of the C°°-forms of type (r, s) and put Z r ' s = A r ' s \dip = 0} for the subspace of the 

d-closed forms. Then A^-^A) ® c A^^A) = (A i Z 1 '° <g> c A^Z°^)/L, Im( x j = {A l Z^° <g> c A 3 Z°^)/M, 
Im(C P x q A Id A i-p H i. 0{X )Qcrt->H°.Hx) = (KZ 1>0 ®c A^Z°^)/N where 

L := [(dA°'° n A 1 '") A (A^Z 1 - )] <g> c A 1 Z ' 1 + A l Z lfi <g> c [{dA°-° n A 0,1 ) A (A^Z ' 1 )], 

M := {dA 1 - 1 - 1 + dA^- 1 ) n A l '\ N := [(dA p_1 -« + dA™- 1 ) n A p ' 9 ] A (A i_p Z 1,0 ® c A^^Z ' 1 )© 

A {[(cZA ' n A 1,0 ) A (A* - "-^ 1 ' )] ® c a-' _9 Z ' 1 } + A {A^Z 1 ' ® c [(rfA ^ n A 0,1 ) A (A i ~ q ~ 1 Z ' 1 )]}. 

The existence of correctly defined C-linear maps C x \ ( x q Ald A i- PH i,o^ x ^ c/s j- qH o,ir X ) Ior < p < i, < q < j 
is due to the inclusions L = cZ(A ' ® c A*- 1 Z 1 '°® c A J 'Z ' 1 )n^>cZ(A i Z 1 ' ® c A '0® c A J '- 1 Z ' 1 )nA^ C M, 
L = (APZ 1 ' ® c A 9 Z 0,1 ) A {[(dA ' n A 1 ' ) A (A i ~ p ~ 1 Z 1 ' )] ® c AJ-«Z ^} + (A^Z 1 ' ® c A^Z ' 1 ) A {A^Z 1 - ® c 
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[(da°'° n A 0,1 ) A (A- 7 q 1 Z ' 1 )} C N. A necessary and sufficient condition for the factorization of Cx through 
CfA/d A .-p fl i.o (x)8cAJ -, HO ,i (x) is the inclusion N = d{A p - l ' q ®c^ p Z lfi ® c h j ~ q Z°' l )r\A^ +d{A p '' l - 1 ®c 
A^PZ 1 - ® c A j ^ q Z ^) n A*J + d(ZP'i ® c A°>° ® c A^p- 1 ^ 1 ' ® c A J '-9Z ^ n A^' + d{ZP' q ® c A^Z 1 ' ® c 
A ' ® c A^ 3 " 1 ^' 1 ) n C M. In particular, Cx with * > a factor through Cx +1 '° and Cx with 1 > a 
factor through Cx° +1 - According to Proposition [| the cup product C, x +1 ,0 = vanishes identically. Hodge 
duality on the compact Kahler manifold X provides ( x a+1 = 0. The vanishing of Cx° ior k > a implies the 
nonexistence of strict £;-wedges Uk C H 1 ' Q (X) (cf. Lemma fj] (ii)). Applying Corollary ||, one concludes that 
g k = for all k > a, Q.E.D. 

Lemma 13 Let X be a compact Kahler manifold with irregularity h ' > 0, Albanese dimension a > and 
Albanese genera g kl 1 < k < a. Then the ranks of the cup products 

C x 3 ■ A i H 1,0 (X) ® c A ] H ' X {X) -> H l+ i(X,C) 
satisfy the following lower bounds 

(i) rkCi >(,",] for i,j £ NU{0}, 2 < i + j < a; 



i+j 

(ii) rkC x 3 > ( 5fe ^ * j , rk( x l > ( 9k T l jifg k >0 for some < i < j, 2 < i + j < k < a; 

(in) rkC x 3 > (i + j)(h lfi + l if g k = for all 1 < k < i + j < a; 

(iv) rkC^ 1 > 2a — 1. 

Proof: (i) By Proposition ^| one has Cx ^ 0. Let w±, . . . ,u> a £ H 1 '°(X) be global holomorphic forms 
with if := ( x (jJi A ... A uj a ) ^ 0. Consider the subspace 

T hj := Spanciwt! A . . . A u ti ® A ... A t^J | 1 < ti < . . . < tj < s± < . . . < Sj < a) 

of A'H 1 ' ^) ® c A j H a ^{X). We claim that T 1 ^ is injected by Cx , so that rk( x 3 > dim c Cx ( Th3 ) = 

dim c T 4 '! = ( . ^ . Let us observe that 99 G H a '°{X) is primitive, i.e., <^Afr +1 - a S #-™+i>"+i-«(j£:) = q 

where Q stands for the Kahler form of X and n = dime X. By the degeneracy of the Hodge Hermitian form 
on the primitive cohomologies, one has (— 1) 2 (V - 1)° Jx "y 9 A ^ A 57"~ a > and the cohomology class 
Q a (ip A7p)^0m H a > a (X). For any a = £ M c M w tl A...Aw tl ®wI7A...Ac^G if er^' n T i,J ', c M 6 C, 

let us wedge Cx ( a ) = d Pi h Y (^ke{i,...,a}\{ti,...,u}^k) A (^ie{i,...,a}\{ Sl .,..., Sj }^i) , to obtain ±c t , s f Af = d(3 2 
for appropriate differential forms fi\,(ii- That implies the vanishing of all the complex coefficients Ct jS of a 
and justifies that Ker( x j D T« = 0, whereas Cx - r< ' J 

('iij If g/c > for some i + j < k < a, then according to Corollary ^ there is a strict fc-wedge C/fe C i/ 1,0 (X) 
of dime C/fc = .<?fc > + 1- Let u±, . . . , u gk be a C-basis of Uk and 

A^- 7 := ui A . . . A m, ®c A 3 Spanc (ut+i, ■ ■ ■ ,TT^) , -B^ := A 1 Spanc (Uj+i, . . . , U gh ) ®c W A . . . A uj 

be subspaces of A l H lfi (X) ® c A^H ' 1 ^). We claim that KerC x n = and KerC x j n = 0, so that 

rfcCx' - max (dime Cx (^fe 3 )i dime Cx 7 (-S^ )) = max (dime A' fe J , dime B k j 

9k -i \ ( 9k~ j \\ _( 9k~ min(£, j) 
j J ' \ i J J \ max(i, j) 

as far as ( 9k 7 1 : ( 9k ^^\ = 111=1 { ,'-" ) > 1 for « < J and 3fc > i + j. Let us assume 
that tJj = u x A ... A m ®c (2i + i< sl <...< Si < SS; c s mI7 A • ■ ■ A € KerC x n A J fe J for some c s € C. If fi 
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is the Kahler form of X and n = dime X then = J x tp A tp A Q n 1 3 ' = ± J x <p A Tp A O" 4 J ' for := 
ill A ... A Hi A (E l+ i< sl <...< Sj < St A ... A u.,) € A'+'C/*. As far as g^+i-i-j fa A fin+i-t-i) e 
ffn +i,n+i-»-i(_x-) = 0, the form <p is primitive and = J x tpATpAQ n - 1 ^ = J x C x 3 '°(tp) /\( x 3,0 (tp) Afl 71 -^ 
implies that Cx J ' if) = ^, according to the nondegeneracy of the Hodge Hermitian form on the primitive tp. 
In other words, tp € KerC x J '° H (A l+3 Uk) ■ However, Ker( x ° fl (A k Uk) = by the strictness of the fc-wedge 
U k . The factorization of ( x fi through Cx j '° for i + j < k implies that KerCx j "° H (A i+j U k ) = 0, whereas 
(/? = 0. Due to the C-linear independence of iti A . . . A Ui A u Sl A ... A u Sj with i + 1 < si < . . . < Sj < g k 
there follow c s = for all s = (si, . . . , Sj). Consequently, Ker( x 3 n = 0. Similar considerations justify 

KerCjl n /C = 0. 

fraj Let us consider the punctured cone 

:= {wi A . . . A Ui AuJ^TA . . . A ujT+j | Wi,.. . G ff 1,0 (X), u>i A . . .Aw,Aw, + i A . . ,Aw 1+J ^ 0}. 

There is a real diffeomorphism — > C^- 7 ' := {cji A . . .AwjAw t+ i A . . .Aw !+ j 7^ 0|cJi, . . . , uj i+ j G i7 1,0 (A)} 
onto the cone of the decomposable elements of A i+0 H '°(X) with punctured origin. The projectivization of 
C l x 3 ' is the Grassmannian manifold Grass(i + j, H 1 ' Q (X)), so that dimcC^ 1 "' 7 ' = (i + j)(h x '° — i — j) + 1. 
We claim that Ker( x n = 0, in order to estimate 

. . / ^1,0 \ / ^1,0 \ . . 

rfcCx = ( ^ J ( j j - dimc^erCx > dim c C^ = dim c C^' . 

Let us assume the opposite, i.e., tp = u)\ A . . . A A un+I A ... A uh+J G KerCx ^ ^jf 7 - Then = 
J x tp A tp A rt n ~ i ' 3 = ± J Y tp A Tp A fi™ _l_J for tp = 0J1 A . . . A u)i A A ... A tu l+ j. On a compact Kahler 
manifold X of dim c X = n, the fact that ^+i,n-i-j+i ^ A n „_i_j + ^ g p+i^-.-j-H^j reveals the 
primitiveness of tp. Then the vanishing of J x tp A Tp A fi™ -1-3 implies Cx^'^if) = 0. Let V^, be the C-span 
of uj\, ... , Wi+j. By a decreasing induction on 1 < k < i + j will be checked that A k V ip C Ker( x °. We have 
already seen that Ctp = A %+3 V V c i^erC^ - - 7 ' . For any natural number k < i + j and a decomposable form 
^ 1/;' := cj s1 A ... A uj Sk G A fe V^, w Si G V v , there exists w Sfc+1 G V v with 7/) := tp' A uJ Sk+1 ^ 0. By the 
inductional hypothesis tp G A k+1 V ip C i^erCx +1 '°- ^ Cx°(V-' / ) 7^ then for V$ := Spanc(uj Sl , . . . ,uj Sk ,uj Sk+1 ) 
there hold C^°(A fe V^) ^ and Cx +1 '°( A ' £+1 ^) = °- In othcr words, C H 10 (X) appears to be a fc-wedge 
and according to Lemma [l(], there is a strict /-wedge Ui C for some 1 < I < k. However, gi > dime Ui > 
for I < i + j contradicts the assumptions of (Hi). Consequently, Cx°(' ! / ; ') = for all decomposable elements 
of A k V v , whereas A k V ip C Ker( x ° for all 1 < k < i + j. In particular, V v G Ker( x ° = Kerldjj^a/x) 1S an 
absurd, justifying KerC^ x n C^ 7 = 0. Let us observe that this estimate generalizes Amoros' Lemma |5| (i). 

(iv) According to Proposition ||, there exist wi,...,u} a G H 1 '°(X) with ^ uji A . . . Auj a AuJT A . . . AU^ e 
H a > a {X). For a = 1 it is immediate that rkQ x l > 1. For a > 2 we assert that the subspace 

PF := Spancioji ®c ^1 'X'C w i ®C ^1 I 2 < i < a) 

of i?^ (A) «i c H°^(X) is embedded in iJ 14 (A) by the cup product C^ 1 - Indeed, if a = 6 ^i A uT[ + 
Ei=2 A cZ?7 + E" =2 CiWi A tUT = d(3 for some bo,bi,Ci G C and a 1-form /3, then a A a = d(/3 A d/3) = 
J2i=2 Y^j=2^ ) i^i + ciCj)u>i AZUT A u>i AuJj. Introducing Cj := oj 2 A . . . A A cj^+i A . . . A uj a for 2 < i < a, one 
obtains the vanishing of aA5A<7i Aa7 = d((3Adf3AaiAai) = ±(\b l \ 2 + \c i \ 2 )ujiA. . .Aw a AajIA. . .Ac^T G H a - a (X). 
By the choice of Wi, . . . , ui a , there follow 6j = and c* = for all 2 < i < a, whereas a = 60^1 A ZUT = 
The assumption ^ / would imply u>i A . . . ui a A oji A . . . A to a = - — ^ — d/3 A u>2 A . . . A uj a A 0J2 A . . . A 
UJZ = d ( ^~ 1 | )o — - A L02 A . . . uj a A ZJ2 A . . . A ZJ^j = G H a ' a (X), which is an absurd. Therefore bo — and 

KerCx n W = 0, whereas rkCx > dim c Cx\ w ) = dim C W = 1a -\. 

As far as A h ' +1 H 1 '°(X) = 0, the Albanese dimension a < ft, 1 ' . Thus, in the case of g\ = Amoros' 
lower bound rk( x x > 2h 1Q — 1 from Lemma || fzij is better than rk( x :1 > 2a — 1, Q.E.D. 
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6 Proofs of the main results 



The Betti number 62(G) := dime H 2 (G, C) = rkH 2 {G, Z) of an arbitrary finitely presented group G can 
be expressed by the means of the following 

Theorem 14 (Hopf j^j, [Q, |||) Let F — (x\, . . . , x s ) be a free group, R be the normal subgroup of F, 
generated by yi, . . . ,y r G F and G = F / R. Then there is an exact sequence of group homologies 

-> H 2 (G,Z) -> Hx(R,Z) G -> ffi(F,Z) -> Hi(G,Z) -> 

where the subscript G stands for the G-coinvariants of the adjoint action. 

The ranks of the aforementioned homology groups, will be calculated by the means of the following 

Lemma 15 Let F = (xi, . . . , x s ) be a free group, R be the subgroup of F, generated by y\, . . . y r G F, R be 
the normal subgroup of F, generated by R and G — F/R. Then 

(i) the coinvariants (abR)c — (abR)F — R/[F,R] are isomorphic to the image R /(R H [F, R\) of the 
F-coinvariants epimorphism abR — > abR /K with kernel K := (i? o n [F, R])/[R , R \. In particular, (aoF)c 
is a finitely generated abelian group of rk{abR)a — r — k where k := rkK. 

(ii) s — rk(abF) > rk{ab{G)) with equality exactly for R C [F, F]. 

Proof: Let us recall from the isomorphism Hi(T, Z) ~ abT := r/[r, T] for an arbitrary group 
r. The adjoint action of F on its normal subgroup R descends to an adjoint action on abR = R/[R,R], 
as far as [R, R] is also normal in F. Since the adjoint action of R centralizes abR, the F-action on abR 
coincides with the G-action, as well as the corresponding coinvariants (abR)p — {abR)a. The kernel of 
the coinvariants epimorphism abR — > (abR)p is generated by frf~ l r~ l [R,R] for / S F, r G R. Therefore 
{abR) F = [pjyf^^ = R/[F, R]. 

The normal subgroup R of F is generated by /~~ Vjf for 1 < j < r, f E F. Therefore [F, R) is generated by 
(frVfiKf^Vifa) fOT 1 < 3 < r, hJ2 € F. In particular, y~ x f' x V] f € [F,R], whereas f^y.f^R] = 
yj[F,R] for all 1 < j < r and / S F, so that any coset r[F,R] S i?/[F, F] has a representative r D S i? Q , 
r a [F,R] — r[F, R]. That is why, the natural map ip : R Q — > R/[F, R], ^i r o) — r a [F,R] is an epimorphism 
with Kerip = R Q n [F, i?]. Thus, R /(R n [F, i?]) is isomorphic to F/[F, J?]. Representing R /(R H [F, F]) = 
(abR )/K by if := (i? n [F, F])/[F D , i? Q ], one concludes that R/[F, R] is a finitely generated abelian group. 
Clearly, rfc (F/[F, i?]) = rk(abR ) - rfcF = r - k. 

(ii) The abelianization is a right exact functor, so that the epimorphism a : F — ► G induces an epi- 
morphism (3 : abF ~ Z s — > a6G. In particular, s = rk(abF) > rk(ab(G)). If s = rk(ab(G)) then /3 has 
to be an isomorphism. On one hand, F — > aoF ~ aoG has kernel [F, F]. On the other hand, the com- 
posed map F — > G — * aoG contains F in its kernel, so that R C [F, F] . Conversely, if F C [F, F] then 
aoG = ^pr^ ~ abF, Q.E.D. 

and Lemma [l5| im ply that 62(^1 (X)) = r — k — s + 2/i 1,0 , 
as far as 01(711 (X)) = 6i(X) = 2ft, 1 ' . On the other hand, Lemma[ll| provides 62(^1 (X)) > 2rkCx° + r ^Cx ■ 
The proof is completed by the following immediate consequence of Lemma |l3| and Lemam ^fiij: 

Corollary 16 Let X be a compact Kdhler manifold with irregularity h ' > 0, Albanese dimension a > 
and Albanese genera g k , 1 < k < a. Then the Betti numbers b 2 — b 2 (TTi(X)) and b 2 = b 2 (X) — b 2n - 2 (X) are 
subject to the following lower bounds: 

(i) b 2 > 1 for a = 1 ; 

(ii) b 2 > max (a(a - 1), g k (gk - 1) I 2 < fc < a) + max ( "^""^ , 2a - 1, g k - 1 | 2 < fc < /or /i 1 ^ > 
5i > 2, a > 2; 

fmj 6 2 > max (4ft, 1 - - 6, a(a - l),g k (g k - 1) | 2 < fc < a) + 
max (2/1 1 ' - 1, ^ T ^-,g k - 1 | 2 < fc < a) for h 1 ' > 2, a > 2, g a = 0. 



Proof of Proposition ffl: Hopf 's Theorem 
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Proof of Proposition |j: First of all, let us observe that Im(i ,m n (^2 s ^j ImC,l' m = for 
either of the cup products C^Tx) or Cx™ Therefore & m (*) > Y^jLo r k(* m ~ 3 ■ Lemma [fl] has established 
that rfeC^wx^ ^ rfcC^™ - "' . The lower bounds on rkQ 1 ^ from Lemma |l^ are invariant under a permutation 
of i with j. Combining them, one obtains rkQ 1 -^ > for defined in the statement of Proposition^, 
< i < j, 3 < i+ J < a- Therefore, the Betti numbers of the compact Kahler manifold X and its fundamental 
group ni(X) are subject to the inequalities b 2 i{*) > 2 X)J=o A t "'' 2l_J + b 2l +i(*) > 2 2j=o ^' 2%+1 ^ for 
3 < 2i, 2i + 1 < a. In the case of 2n — a < m < 2n — 3, by Serre duality on the cohomologies of X there hold 

fii' m ~i (X) = fi n ~J' n ~ m +3 (X) > rk(^^' Jl ~ m+ ^ > ^ t n_max W' m ^)> n_lnill (J> n_ J) 

as far as 3 < 2n — m < a. Combining with Hodge duality h n ~^' 3 {X) = ft, J,n ~ J (X) for compact Kahler 
manifolds X, one justifies the last two announced inequalities, Q.E.D. 

At first glance, Proposition |l| can be reformulated entirely in terms of the cohomologies of ni(X). However, 
there are several obstacles for doing that. First of all, any isomorphism : H 1 (tti(X) : C) — > C) 
allows to introduce H^^X)) := (cW)" 1 ' (X) for = (1,0) or (0, 1) and to endow H 1 (tt 1 (X),C) = 
iJ 1 (7Ti(X), Z) ®z C with a polarized Hodge structure. For an abstract finitely presented group G with 
H 1 (G,Z) of even rank 2q, the polarized Hodge structures on H 1 (G,C) — H 1 (G,'Z) ®z C are parametrized 
by the Siegel upper half-space S = Sp(q,M)/U q . Unfortunately, the cup products Q : A t H 1 (G,C) — > 
H l (G, C) are not invariant under the action of the symplectic group Sp(q, M) and the counterparts of Albanese 
dimension a = max{m e N U {0} | £rnfl( A m H i,0) ^ 0) £m+i,0( A m+l#i,0) = gj. an d Albanese genera g k = 

max{j e NU {0}|3 subspace [/ C if 1 ' , dime C/ = 5,ifer[C fc : A fc ?7 -> iJ fc ] = 0,7ro[C fc+1 : A k+1 U -► iJ fc+1 ] = 
0} depend on £ 6 5 (cf. Proposition || and Corollary ||). The corresponding notions cannot be defined in 
terms of real cup products. Namely, for the real point set t/ R := Span^(u + u, y/—lu — y— lu | u £ U) of 
U C H 1 ' , the condition ^k+i^k+ijjR^ _ Q ig necessary but not sufficient for C' £+1 (A' £+1 [/) = 0. Finally, 
the cup product in de Rham cohomologies H*(X, C) of a compact Kahler manifold X with tti(X) = G are 
quotients of the corresponding cup products in H*(tti(X),C). Thus, C3 s -(A l iJ 1,0 (A)) = does not imply 

Q l(x) (/\*H^(Tr 1 (x)) s ) = o,teS. 
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